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THE TOPOLOGY OF THE SPACE
OF STABLE BUNDLES
ON A COMPACT RIEMANN SURFACE

GEORGIOS D. DASKALOPOULOS

Abstract

We develop a singular Morse theory for the Yang-Mills functional on the
space of holomorphic structures on a bundle over a compact Riemann
surface. We also examine the relation with the algebraic methods.

1. Introduction

The cohomology of the moduli space of semistable bundles over a curve
was computed by algebraic methods by Harder and Narasimhan [13] and
by transcendental methods by Atiyah and Bott [1]. The main idea behind
the second approach was to employ techniques from differential and sym-
plectic geometry. Roughly speaking, the approach of Atiyah and Bott is
based on the observation that for many moduli problems, including that of
holomorphic bundles, the algebraic geometric notion of stability is related
to the Morse theory of certain associated functionals.

F. Kirwan pursued this observation further, by examining a very broad
class of group actions on nonsingular projective varieties and symplectic
manifolds, and obtained inductive formulas for computing the equivariant
cohomology of the set of semistable points of these actions ([16], [17]).
She also indicated explicitly how Morse theory is related to the ideas of
geometric invariant theory and geometric quantization ([22], [11]). Results
in the same direction were also obtained independently by L. Ness [24].

The situation studied by Atiyah and Bott differs from Kirwan’s mainly
because they are dealing with an infinite-dimensional problem. The space
of holomorphic structures on a fixed smooth bundle E over a Riemann
surface M is an infinite-dimensional manifold % . The group gc of com-
plex gauge transformations is an infinite-dimensional Lie group acting on
B and [B] =B/ gc parametrizes the space of holomorphic bundles over
M of fixed topological type. Atiyah and Bott define a stratification {8 #}
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of B by gc-invariant subspaces corresponding to the type of filtration of
the associated holomorphic bundle, and they proceed algebraically to show
that these spaces form locally closed submanifolds. They use the stratifica-
tion directly to compute cohomology, leaving the connection with Morse
theory only at a conjectural level.

The main goal of this paper is to justify the Atiyah-Bott optimism about
the existence of a Morse Theory for the Yang-Mills functional and, further-
more, to examine its relationship with the algebraic methods. Donaldson
took the first step in this project by reproving the theorem of Narasimhan
and Seshadri using analytic methods [5]. More specifically, Donaldson
showed that every stable complex orbit contains a unique up to real gauge
equivalence Hermitian-Einstein connection. However, as it leaves out,
there is nothing special about stable orbits. We extend the analysis show-
ing the real convergence of all complex orbits. In particular, we show that
the gradient flow of the Yang-Mills functional converges at infinity. This
allows us to define a Morse theory for the Yang-Mills functional and obtain
a stratification of the space B/g of holomorphic structures modulo real
gauge equivalence into certain subspaces having only orbifold singulari-
ties. Moreover, we show that the stratification above coincides with that
of Harder and Narasimhan. In other words, our analytic cells coincide
with the algebraic ones.

Now, a few words about the Morse theory that we are using: it is not
difficult to verify that the Yang-Mills functional satisfies an equivariant
Palais-Smale Condition C on B (cf. (4.1)). This provides us with all
the necessary compactness for the flow to converge upon passing to the
quotient. We exploit the flow directly to build up our space B/g. This
is in some sense closer to the spirit of Smale [31], and avoids the handle
attaching techniques of Palais and Bott, which are better suited to less
singular situations ([26], [2]).

More explicitly, the material in the paper is organized as follows: §2
contains some preparatory definitions and lemmas needed in later sec-
tions. The main result of the section is the following decomposition the-
orem of the complex gauge group corresponding to the standard Iwasawa
decomposition of the general linear group.

Theorem A. With the notation as in §2, we have the homeomorphism

c_.c
g =8 XgDIAG 8-
This theorem will be essential in §§3 and 5 when we define retractions
of our strata onto the Yang-Mills connections.

In §3, we present a different proof of the following theorem due to
Atiyah and Bott.
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Theorem B. The space of holomorphic structures of type u is a locally
closed submanifold of the space of holomorphic structures. Furthermore,
with the notation as in §2, we have the following homeomorphisms:

c %SS

x 0

C S5
B~ X ~gXx .
13 8 9 %.“ 8 9p1aG *

The formulas of Atiyah and Bott about equivariant cohomology follow
easily from the above theorem and its corollaries.

In §4, we establish the link with Morse theory. As explained in [1] the
Yang-Mills functional f: 9 — R defines a gradient flow which preserves
the stratification {B .} - Weverify Condition C for / and define a stable-
unstable manifold stratification in the sense of Morse theory via f.

In §5, we are concerned with some technical questions about the flow of
f . Our main theorem is the following conjecture due to Atiyah and Bott.

Theorem C. For each u, the gradient flow of the Yang-Mills functional
defines a continuous deformation retract of the stratum B 4 Onto the critical
set.

As an immediate consequence, we obtain the following generalization
of the uniqueness result of Donaldson in [5].

Corollary. The closure of each complex gauge orbit contains exactly one
minimizing real gauge orbit. In particular, the flow converges at infinite
time. ’

In §6 we combine the results of §§4 and 5 to give a proof of the following
conjecture due to Atiyah and Bott.

Theorem D. The Morse stratification of the Yang-Mills functional coin-
cides with the stratification of Harder and Narasimhan.

Finally, in §7 we indicate how one can use the techniques developed in
the previous sections to produce new information about the moduli space
of stable bundles. We specialize for the sake of concreteness to the case of
bundles of rank 2 and take the Chern class to be 0, sin¢e the Chern class
1 case has already been treated by Atiyah and Bott. The key result of the
section is the following “cell decomposition theorem” of the semistable
stratum.

Theorem E.  The complement of the stable stratum B in the semistable
stratum B can be stratified by locally closed submanifolds of codimension
at least 2g - 2.

Theorem E, combined with Theorem B and the Riemann Roch Theo-
rem, implies that the inclusion of the stable stratum in 8 is a homotopy
equivalence up to dimension 2g — 3. This, combined with known re-
sults about the topology of the gauge group, allows us to compute certain
homotopy and cohomology groups of the moduli space of stable bundles
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M =B,/ gC . For example we can show, provided the genus g of the base
Riemann surface M is at least 3, that:

n, (M)~ H(M,L), n(M)~LST,.

Generalizations of the above isomorphisms for arbitrary rank as well as an
interpretation of the torsion class in z,(#) will be given in a subsequent
joint paper with K. Uhlenbeck [4].

We now discuss briefly the arguments 1nvolved in the proofs of our
main Theorems B and C. Both proofs essentially amount to proving a
slice theorem in a neighborhood of the critical set. More precisely, in
Theorem B we start with a critical holomorphic structure 8 of type u
and define a projection g of the tangent space 8 at & onto the sub-
space of H 1(M , End E) perpendicular to the space of 1-forms preserving
the Harder-Harasimhan filtration associated to 8. We proceed to show
that the stratum 2 is locally cut out by the equation ¢ = 0. Indeed,
if D=0+ A, with A sufficiently small and g(A4) # 0, then we are able
to construct a one-parameter subgroup of complex gauge transformations
{8,},>¢ such that the energy of g/(D) is less than the minimum allow-
able energy in the stratum ‘B 0 This is of course a contradiction, since
the stratum ‘B is complex gauge invariant. The above establishes the
manifold structure of B P The explicit homeomorphism of Theorem B is
constructed quite naturally via the analysis in §2.

The proof of Theorem C can be outlined as follows: Qur main step is
to show that the gradient flow of the Yang-Mills functional converges to
a unique critical point modulo real gauge equivalence. By Theorem B, it
is enough to prove the convergence of the flow for the semistable stratum,
the stable case having been established by Donaldson. By approximating
semistable holomorphic structures by stable ones, we reduce the problem
to a local analysis near the critical set. The final step is established by
a slice theorem at the flat bundles, similar in spirit to the one used in
Theorem B.

Along the same lines one could ask if the methods of this paper could
be extended to other infinite-dimensional moment map problems, e.g., the
one encountered by Hitchin [14]. It seems to us that being in the right
range for the Sobolev theorems to work, the main analytical tools can be
carried through, and it becomes plausible that a similar approach could
be pursued. The study of the topology of the representation space of
n,M into SL(n, C), which is related to the Hitchin problem, is a very
interesting problem.
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Duistermaat recently established the convergence of the flow of the
norm square of the moment map associated to the group actions stud-
ied by Kirwan. His methods depend upon the analyticity properties of
the flow, and they are not directly applicable to the infinite-dimensional
setting; one would hope though to understand his techniques in relation
to ours.

Finally, we would like to comment that there are very close links be-
tween our Morse theory approach and the infinite-dimensional geometric
invariant theory as developed in [6], [7], [30], [34]. Our one-parameter sub-
groups used in the proof of Proposition (3.5) correspond to the optimal
one-parameter subgroups of Kempf [15], related to a Hilbert-Mumford
numerical function. Several of our results mentioned above could also be
seen in this setting. Due to the length of this paper these questions will be
treated elsewhere.

2. Definitions and basic lemmas

Throughout the paper we fix a C™ vector bundle E over a compact
Riemann surface M of genus g > 2 with rank » and first Chern class
k . For most parts of the paper we also fix a Hermitian metric K on E.

Let F be a subbundle of E ; we define the normalized Chern class of
F by

¢ (F)
F)="-1
B(F) (F)’
where ¢, (F) denotes the first Chern class of F and rk(F) the rank of
F.

(2.1) Definition. A Harder-Narasimhan filtration of E is a finite se-

quence of C™ subbundles

(=) 0=E,CE C--CE=E
such that u(F,) > --- > u(F,). Here F; denotes the quotient
Fiin/Ei—l, i=1,---,r,

which is also C* isomorphic to the orthogonal complement of E,_, in
E;. Consider the vector u = (u,,--- , u,), whose n, := rk(E,) first
components are equal to u(F)), the next n, := rk(E,) are equal to u(F,),
etc.; u is called the type of the filtration.

(2.2) Definition. Let GL(E) be the set of bundle isomorphisms of
E, and let U(E) be the set of isomorphisms which preserve the metric.
Let End(E) be the set of bundle endomorphisms, and «(E) be the set of
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skew adjoint ones. Also, given a filtration (%), let UT(FE, *) be the set
of bundle endomorphisms preserving (x) and let JUT(E, ) be the set
of bundle isomorphisms that preserve (x). Clearly End(F), u(E), and
UT(E, =) are vector bundles, whereas GL(E), U(E), and IUT(E, x)
are only fiber bundles.

We recall that the space 20 of smooth connections on E, compati-
ble with the given metric, is an affine space corresponding to the vector
space C*°(T"M ® u(E)). Similarly the space B of smooth helomor-
phic structures on E is an affine space with corresponding vector space
C®(I"M" ®EndE), where T*M" denotes the space of (0, 1) forms on
M . For the purpose of this paper it is technically more correct to work
with Sobolev completions of the above spaces. More specifically, we in-
troduce the spaces of Lf connections and Lf holomorphic structures as
in [1, §14]. They are both affine spaces corresponding to the vector spaces
LYT*M @ u(E)) and L}(T*M" ® EndE) of L} sections of the bundles
T"M ® u(E) and T"M" @ EndE respectively.

By associating to a given holomorphic structure, and the given met-
ric, the unique compatible connection, we obtain [1, §5] an identification
Jj: B — 2. This extends naturally to an isomorphism

ol 2
(2.3) ji B — .

(2.4) Definition. We define the gauge groups gz , gcz 5 sz ’ 912:>1AG ’

and QSAG to be the groups of L% sections of the fiber bundles U(E),
GL(E), IUT(E, %), [I,_, U(F,), and [[;_, GL(F,) respectively.

According to [27, §5], the above groups are smooth Hilbert Lie groups
and the inclusions

f[ U(F) — l_rIGL(Fl.) < IUT(E, ¥) — GL(E),

i=1 i=1

r
[TUF) = UE) - GL(E)
i=1
induce at the sections level inclusions of closed embedded subgroups. We
shall also deal with the corresponding groups g, g(C s gf > BDIAG » and
gCDI g Of smooth sections of the bundles given in (2.4).

One could define the more general Banach manifold QL‘I’ , gp , "+, pro-
vided p > 1. These spaces can also be used for most parts of the paper.
The gauge groups act on the spaces B and ‘Bf by push-forward. More
specifically, we define

p: gm x ‘Bf - ‘Bf
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by B(g,D")=gD"Y=goD"o g'1 . The above action is smooth and
restricts to smooth actions of the other groups as well. We can also define
an action of gm on Qlf ,
. a:gczxmf—»ﬂf,

as follows: Let D e Q(f , where D = j(D”), and let g € gm. We set
a(g,D)=gD):=goD" og™ ' +(goD"0og™")*, where * denotes the
fiberwise adjoint with respect to the Hermitian metric on E. Again « is
a smooth map and restricts to smooth actions of the other groups as well.
For more details we refer to [6]. These actions generalize the actions of
the unitary groups imposed by geometrical considerations. We note that
the map (2.3) is an equivariant map for the above actions.

(2.5) Definition. A C* holomorphic structure D” on E is called
compatible with the filtration (x), or preserving (x), if for all s in the
sheaf of smooth sections of E that lie in E,, D"s defines a section of
EoT *M" . Clearly, D" induces holomorphic structures on E; and the
inclusions E; | CE;, i=1,---, r, become holomorphic inclusions.

It is easy to see that if D; and D| are holomorphic structures preserv-
ing (), then D) — D] € C*(T"M" ® UT(E, *)). Therefore, the set of
(*) preserving smooth holomorphic structures, is the affine space

B, =D, +C(T"M" ®UT(E, %)).
Clearly B _ is preserved by gf. As usual, we work with the Lf comple-
tion:
B := Dy + LYT"M" ® UT(E, »))
. 2 *
=Dy + [[L{(T"M" @ Hom(F;, F,)).

i2j

(2.6)

By an obvious approximation argument, it can be shown that %il is pre-
served by gfz.

Since any gcz orbit in %f contains a C* holomorphic structure [1,
§14], we have the following:

(2.7) Lemma. With the notation as above, %fl = g‘c2 -B,.

(2.8) Definition. A holomorphic structure on E is said to be semi-
stable (stable) if for any proper nontrivial holomorphic subbundle F C E,

MF) < w(E)  (MF) < W(E)).
Elementary arguments [13, Proposition 1.3.9] show that every holomor-
phic structure on E has a unique kolomorphic filtration

(%) O0=E,CE C---CE =E,
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where F,:= E,/E, , (i=1,---,r) is semistable and u(F;) > u(F;, )
(i=1,---,r—1). Thetype u of (x) is called the type of the holomorphic
bundle E . For each u, let '8 ,CB be the set of holomorphic structures
D" preserving some filtration in the sense of Harder and Narasimhan.
We denote by B, the semistable stratum. The existence and uniqueness
of the filtration implies that {B } forms a partition of %, whereas the

naturality of the filtration implies that the sets B , are preserved by gc .
Define ‘ , o
B a1 =9 ] v
Clearly, %il is preserved by gm, and, since any g(Cz orbit contains a
smooth holomorphic structure, we have:
(2.9) Lemma. {‘Bil} is a partition of *Bf.

Given a filtration (x) as in (2.1), let B denote the set of holomorphic

structures D" € B, such that F, is semistable forany i=1,--- ,r. We
set R o
B =g, B, .

(2.10) Lemma. If (%) is a filtration of type u, then:
(i) B,=g"-B7

(i) B =g"8" =83

Proof. (i) Clearly ¢°- B°CB , - For the other direction let D" e B,.

The holomorphic structure D” preserves some filtration isomorphic to (x)
by some element of g, hence D" € g* - B .
(ii) We have

7 c2 C2 C2 ss C2 s
B,=9 -B,=g -g B, =g -B,,
2 %islz D ¢ B”. qed

We now need to introduce the Yang-Mills equations. Let f be any
smooth function on the Lie algebra u(n) of the unitary group U(n) which
is invariant under the adjoint action and is convex [1, §8]. Given such an
[, we define a functional f on the space of metric connections in the
obvious way:

ﬂm=AﬂﬂwWL

where F(D) denotes the curvature of the connection D. We simply nor-
malize so that the volume of M is 1. In this case f(x) = trx”x, the above
functional is called the Yang-Mills functional. 1t is quite easy to verify [8,
p. 198] that the Yang-Mills functional defines a smooth map f: 2(% —R.
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The critical points of [ are called the Yang-Mills connections and they are
described by the equation

D*F(D)=0.

Here D* is the Lz-adjoint of D and, just as in usual Hodge theory, it is
given by =+ * Dx, where * is the standard Hodge *-operator on M |9,
Chapter 0, §6]. We denote by 91 the set of Yang-Mills connections. An
elementary argument [1, §5] shows that, if D € 9, then the eigenvalues of

3Q*F(D) are constant, say 4, >4, > --- 2An. Let u:=(4,,---,4,)
and let 9, be the set of critical points D such that %*F (D) has eigen-
values 4,,--- , 4, . Note that 0 = Uu n, and j_l(‘ﬂu) C B, . Further-

more, let f be a convex, invariant function on u(n), as before. Assume
also that the second derivative ' of f is everywhere positive. Then, it
is quite easy to show that the critical points of the associated functional
are exactly the Yang-Mills connections [1, (8.7)]. Moreover, if D € n,,
u=A, -, 4,), et A” be the diaggnal matrix whose nonzero entries
are equal to —27z\/:TAJ. ,j=1,---,n. Wedefine f(u):= f(A,). It fol-
lows immediately from the definition that f(D) = f(u). The usefulness
of the above notation will be clarified in Proposition (2.11).

We recall that on the set of all possible x4 = (u,,--+ , u,) appearing
as types of Harder-Narasimhan filtrations as in (2.1), we define a partial
order < as follows:

A<p if DA, <> m, i=1,-,n-1.
J<i J<i
For more details we refer to [1, §§1, 7].
We now come to the following “Sobolev” version of the result in [1, §8]:
(2.11) Proposition. Let %, = j(%.,) C A} . Then the following hold.

(i) Forany D € Qllzu and any convex invariant function f as before,
(D)= f(u). ,
(i) Deoty iff inf, e f(8(D)) = f(1).

Proof. The result is known if we replace 91,211 , ‘Bi] by 91ﬂ , B o and

gC2 by gC. The rest follows by an obvious approximation argument by
smooth elements. qg.e.d.

As a corollary we obtain the following “Sobolev version” of the result
of Shatz. For more details see [1, (7.8)] and [29].

(2.12) Proposition. Under the partial ordering on the stratification de-
fined in [1], we obtain
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2 2
8} c U3,
uzi

In particular, %fsl is open.

The proof is the same as in [1] and is omitted.
By writing elements of %islz as appropriate extensions of semistable
structures of lower rank, using induction and (2.12) it can be shown that
857 is an open subset of B, .

In the following spaces we divide out by the obvious diagonal group
actions. The same argument as in [8, Theorem 3.2] shows that they can be
given the structure of a smooth manifold. Moreover the natural quotient
maps are smooth submersions:

(1) ¢* xp g

9paG *

(2) gCZ X ¢ %21 and 92 X 2 B
@ " 2 MO s
SS. SS
(3) 87 x, B,{ and g X2 . Bu -
(4) Since B c B2, is open, it follows that g X o2 B2 is an open

: c2 2 .. 2 . 2
submanifold of g~* x _« B,,. Similarly for g° x » %“12 in g° x 2
5 [: M * BpiaG * 8D1AG
B

-
6Ve now return to our gauge groups. Let 4 belong to GL(n), the group
of invertible nxn matrices. Then we can write uniquely 4 = B-U , where
B is upper triangular with positive diagonal elements and U belongs to
U(n), the group of unitary »n x n matrices. This follows directly from

Iwasawa decomposition. More generally, let
n

(*) oOcccc"tc...cc"t =

be a filtration of subspaces of C” . It follows from the above result that any

A € GL(n) can be written as 4 = B-U , where B belongs to IUT(C", ¥),

the set of («)-preserving n x n matrices and U € U(n). Moreover, it is

not hard to see that such a decomposition is unique up to {x)-diagonal

matrices,1.e., matrices that preserve the splitting C"' @ --- & C" of C".
We define a map

¢: IUT(C", ) x U(n) — GL(n) x U(n,) x --- x U(n,)
as follows: Let (B, U) € IUT(C"x) x U(n), where

B = . s
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with 4, € GL(n;), i=1,--- ,r. Write 4, = B,U,, where B, is upper
triangular with positive diagonal elements and U, € U(n,), and let
U, 0
D= eU(n) x---xUn,).
0 U

Weset ¢(B,U)=(B-U, D).

(2.13) Lemma. ¢ is an isomorphism.

Proof. Assume ¢(B,U) = ¢(B U). Then BU = BU and D= D,
where B, B U, U D, and D are the obvious matrices. Thus D :=
BB = (~J U -1 is (x)-upper triangular and unitary, hence (*)-diagonal.
Therefore _

Al_lAl 0 r

C = e [Jun
0 Ata ) =

Since 4,'4, = U7'B;'B,U, € U(n,)), we have C, := B'B, € U(n,).
By the choice of B, and § C; is also upper 1 triangular with posmve
diagonal, hence C; = Idni. Hence B = B,, U = U,, and A = 4.
Thus C = Id, and consequently B = Band U=U, showing that ¢ is
injective.

To show that ¢ is surjective, let (4, D) € GL(n) x U(n,) x---xU(n,).
Write 4 = BU , where U € U(n),

4, * U, 0
B= eIUT(C",*), D= ,
0 A 0 U,
and Xl = § (7 as before. Set
U ', 0 ', 0
B=B - , U= - U.
0 U'u, 0 Uus'o,

Then clearly ¢(B, U) =(4, D). q.e.d.
We now come to the bundle-version of the above lemma. Let (x) be as
in (2.1). Define the map

f:IUT(E, *) x U(E) — GL(E)
fiberwise by f(B,, U ) =B, -U,.
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(2.14) Lemma. [ is a fibered morphism of bundles, i.e., f is a fiber
bundle map over M and f: IUT(E, x)xU(E) — GL(E) is a fiber bundle.

Proof. Clearly, f is a smooth fiber bundle map over M. Also f is
onto. It remains the check local triviality. Let V' be a coordinate chart in
M such that all bundles appearing in Lemma (2.14) are trivial over V.
Let W = GL(E)|, ~ V x GL(n) . Define

o: [T =V x TUT(C", %) x U(n)
— V x GL(n) x (U(ny) x --- x U(n,))
~ W x U(nl) x - xU(n,)
by o(x,B,,U,) = (x,9(B,, U,)). The map ¢ on the right-hand side
is the one defined in Lemma (2.13); o is fiberwise an isomorphism and

clearly smooth in x. This completes the proof.
(2.15) Corollary. The map

2 C2 2 C2
Ly(f):9, xg —9

is a smooth fiber bundle with fiber isomorphic to g]z)l AG -
Proof. By [27, (14.16)], the map

Li(f): 0 x g = LY IUT(E, ) x U(E)) = L3(GL(E)) = g*

is a fiber bundle with fiber isomorphic to L2((*(IUT(E, ) x U(E))),
where ¢ is a C” section of GL(E). But ("(IUT(E, x) x U(E)) is
isomorphic to U(F,) x --- x U(F.), hence LX({*(IUT(E, *) x U(E))) =
8pIAG -
(2.16) Theorem (Decomposition theorem of the complex gauge group).
We have the homeomorphism
2 2 2
g8 =40, BZDIAG g
Proof. If p denotes the map L;( f),and 7 the natural quotient map,
then there is a map g such that the following diagram commutes:
2 p 4C2

C2
9, X9 —

. Te

Cc2 2,2
8. X8 /9p1aG

The map g is clearly a homeomorphism since both p and n are quotient
maps. q.e.d.

We finish this section by discussing the space of equivalence classes of
connections modulo the real gauge group, known as the moduli space. of
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connections. More precisely, let [Qlf] = Qlf / gz. and [2A] = 2/g denote
the obvious quotient spaces endowed with the quotient topology. Unfor-
tunately, the above spaces are not manifolds due to the presence of split
connections [8, §3]. However, it is shown in the above cited reference that
[Qlf] and [2(] are Hausdorfl topological spaces. We denote by z the natu-
ral projection, and we set [Qlil] = n(Qlil) , M,]= n(‘ﬁu) , [ :=x=(MN),
etc. In general we use the bracket notation to denote an element of the
quotient space. For example, if x € Qlf we set [x] :=7n(x) € [2(%] .

Due to the invariance of the Yang-Mills functional by the real gauge
group, it defines a well-defined map:

f: 2] - R,

Therefore, the Yang-Mills equations can be defined in [Qlf] . Some caution
is needed due to the fact that [Qlf]v is not a manifold. However, it is only
in the moduli space that the Yang-Mills equations are well behaved elliptic
equations, and in this paper we shall mainly work in [Qlf] . For example,
we will obtain the convergence of the gradient flow of f in [Qlf] , leaving
the equivariant convergence of the flow in Qlf to an upcoming paper.

(2.17) Definition-Notation. As a final remark we make the following
notational conventions: Let 2 := j(B,), A = j(B,,), A, = j(%”) ,
etc. However, since as g-spaces 2 and B are isomorphic via j, we often
will not distinguish between them. For example, notation like F(D") or
f(D") will appear throughout the paper.

3. The manifold structure of B u

(3.1) Lemma. The natural map
 p:1g” X B - B
defined by plg, D"] = g(D") is a smooth immersion.

Proof. 1t is quite trivial to check that the map ¢ is well defined. The
immersion statement is verified as follows: First observe that, by translat-
ing by the obvious group action, it suffices to check that ¢ is an immersion
at the point (id, D"). Consider the maps:

gfz —»tD” gCZ x %il _n_) gCZ chz %il ’
where i, = (g”', g(D")) and n(g, D") :=[g, D"]. By an elementary
computation, we have (dip),;(s) = (s, D"s), and, since 7w o i D=
constant, we obtain d(moip),,=0 and thus Im(dip»);, Cker(dm) ;4 pm.
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Passing to the Lie algebras we get a complex:
g €2 dl 2 d c2 2
Lg, Lg X Tpn'B,, ~2, Tiia, p8 X, B,
Consider dzn(s, A) € Tha, D](gcz X go2 %31) and let ¥ be the obvious lift
of ¢ accordmg to the followmg d1agram '
g 2 x %

X
J" /'%f
C2 %2 ?
g xgsz 1

Since dpodn(s, A) =da(s, A), it follows that dg(dn(s, A)) =0 if and
only if 0 =dg(s, A)=—D"s+ A or equivalently 4 = D"s. Hence

dn(s, A)=dn(s, D"s) = dn(diy(-s)) =d(moipyu),(—s) =0,

proving that a’q)[l. 4.0"] is injective. To show that the image splits note
that, since 7 is a submersion, we have:

Imdy;,; py=1mdg,, pn= D”(Lgu) + Lf(T*M” QUT(E, ¥)).

This, together with the ellipticity of D", implies that the image is a closed
subspace of a Hilbert space, and therefore splits. q.e.d.

Following Uhlenbeck and Yau [34], it is often useful to view holomor-
phic subbundles of E as orthogonal projections of E satisfying the ad-
ditional property (1 — z)D”(n) = 0. The next lemma is quite general
and does not make use of the fact that our base manifold is a Riemann
surface. It will mainly be used in subsequent sections to obtain regular-
ity of weak subbundles of E, i.e., Lf projections n of E satisfying
(1 —x)D"(n) = 0. The operator A is the usual contraction operator with
the volume form on M [9, p. 111]. We will denote by A, A", A” respec-
tively the d-, 6-, and &-Laplacians on M with coefficients in End E [9,
p. 152].

(3.2) Lemma. Let n: E — E be an automorphism of E such that
n=n", n°=n,and (1 -n)D"(n) =0. Then

A(7) + 2V=IA[D" (n), D' (n)] + V=1(2n — )[AF, 2] = 0

Proof. The equation (1 — n)D”(n) =0 implies zD"(x) = D"(n). By
taking adjoints, we clearly have n(D'(n))=0.
By applying D" to the last equation, we obtain

D’(n)-D'(n) + zD"(D'(n)) = 0
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which implies
V=IAD"(n) - D'(m) + 2 (m)
=v=1D"(n). D' () + V=1AD"D'(n)
From the last equation we obtain
LrnA(n) + V=1(a[AF, o]+ AD"(n) - D'(n)) =
By applying D’ to the equation (1 — z)D"(n) =0, we get
-D'(n)-D"(n) + (1 — n)D'D"(n) =
which implies
—V=1AD (n)- D" (n) + (1 = 7)V=1AD'D"(z) = 0.
The last equation, rewritten in terms of the Laplacian, gives
—V=TAD'(z) - D"(n) + 1(1 — m)(—=A(n) + V=I[AF , n]) = 0
which yields
LaA(n) - A(n) = V=1(AD'(z) - D"(m) — L(1 - n)[AF, ]) =

Combining this with the formula derived before, we complete the proof.

(3.3) Lemma. Assume D], D, € ‘B”z and g(Dy) =D . Then g €

c2

Proof. Choose first i, h € gfz such that D" := h(D") and 5,1, :
h, (D) belongto B . Wesetalso k := h,gh™" and observe that k(D") =
D/ . Since D" preserves the filtration (x), k(D") preserves the filtration
k(x), obtained by taking the images under k of the subbundles in (x).
Let m denote a projection corresponding to a weak subbundle entering
into the filtration k(-). Then x is clearly L;. By Lemma (3.2) and the
obvious elliptic regularity, we can immediately deduce that forany p > 2,
n € LY. By bootstrapping, we obtain 7 € C* and therefore the filtration
k(x) is smooth. Now, the uniqueness of the Harder-Narasimhan filtration
implies that k(x) = (x). Hence, by the choice of /£ and k, , we obtain
ge g‘c2 and the proof is complete.

(3.4) Corollary. The map ¢ (3.1) is a smooth injective immersion.

Proof. The restriction of a smooth immersion to an open subset is a
smooth immersion. It remains to verify the injectivity assertion. Assume
¢lg, D"1=9glg,, D{]. Then D{ =g 'g(D") and, by (3.3), g, 'g € g5 .
Thus [g,, D{1=1g,, &~ '&(D\)1=Ig,D"]. qed.

We now proceed to show that the ‘Bil are locally closed submanifolds

I

of %f . Our proof is essentially a slice theorem in a neighborhood of the
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critical connections. Our slice is demonstrated by the decomposition of
H' (M,EndE) into H ! (M, UT(E, x)) and its perpendicular subspace.
Our proof depends quite heavily on the Implicit Function Theorem, and it
should be viewed as the transcendental analogue of the algebraic arguments
of Atiyah and Bott [1, §15]. More specifically, we show:

(3.5) Proposition.  The set %/2‘1 is a locally closed embedded subman-
ifold of B} . ‘

Proof. Fix a filtration (+) of type u as in Definition (2.1), and let
D] e 621 preserving (+). We start by assuming that D defines a critical
connection. Let & := ker D(')' and let S be the Lz-orthogonal complement
of & in L3(EndE). We endow E with the holomorphic structure Dj
and identify H ! (M , End E) with the appropriate subspace of L;(T*M "®
End F) via Hodge theory. We define the map

f:SxH'(M,EndE) — asz

by f(u, A) = e“(Dy + A). Clearly f(0,0) = D{, and for any tangent
vector (Su, 4) of Sx H' (M, End E) at (0, O) we have

(61 ) 0,0)(u, 54) = Dy (Su) + 54.

Thus, the map (6f )(0 0) is an 1somorphlsm of the corresponding tan-
gent spaces, and f defines an isomorphism between nelghborhoods U of
(0,0) in SxH'(MERdE) and &, o« of D in 93 . Let H(M,UT(E ,*))

be cons1dered as a subspace of H' (M EndE), and let p H'(M, EndE)

(M End E) be the orthogonal projection onto H'M,U T(E, %))
w1th respect to the L’-inner product on,L%(EndE) . Of course on the
finite-dimensional space H 1(M , End E) all the norms are equivalent, and
it makes no difference which one we are using. Let ¢ = 1 — p, where 1 is
the identity operator on H ! (M, End E). We claim that our submanifold
‘Bf‘l is cut out by the equation ¢ = 0 in ‘Bf . More specifically, if u € S
and A ¢ HI(M, UT(E, %)), then clearly e“(D(')' +A)e ‘Bil . Conversely,
let D" € ‘Bil N &y . Then, D" can be written as D" = e*(Dj + B+ d),
where B and ¢ belongto H' (M, EndE), p(B)=B,and ¢g(o) =a. We
are going to show that ¢ = 0. Assume that ¢ # 0 and express ¢ = (g, ;)
with respect to the decomposition

(3.6) HI(M,EndE)=éaHl(M,Hom(Fi,Fj))

i,j=1
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defined by the filtration: (x) . Our contradiction will be obtained in several
steps. In fact, we will show that if ¢ # 0, then we can find a one-parameter
subgroup {g,: £ 2 0} in the complex gauge group such that the energy of
&, (D") is less than the minimum energy of the stratum 93,2‘1 . Of course,

this is a contradiction since the strata 93‘2‘1 are complex gauge invariant.
Now, we present the full details of the proof.

We first claim that, with respect to the decomposition (3.6), ¢ is strictly
lower triangular. Indeed set 4 = p(X). By the orthogonality of 4 and
o , We obtain

2
0=(4,0)2=)_lo,l;,

i<j

hence o, jv= 0 for i < j, proving our claim.
The following claim is crucial: We can find ¢, 5 > 0 such that for

o o0 -- 0 0
ool 0 0 0]
O Op " Ohy 0

with o, ; € H 1(M Hom(F T F})) and |g; jl ;2 = &, the following inequality
1

holds:
"2

2

|F(Dy +0)|;2 < |F(Dy)l;2— 1.
The proof is by computation: F(Dy + o) = F(D)) —oAd" —¢" Aa,
where ¢ € H 1’O(M , End F) denotes the obvious metric adjoint of o .

Since D, is critical of type u, we can find positive constants ¢, , ¢, , and
¢, such that

1

iz 2 2 4 * 2
|F(Dy +0)p2 S IF(Dlp2+ ¢, > loylpe+ ¢, Y loy, 0017

2
+C5 Z IUlple(,ul - ,up)
A>p

2 4 2 2
<IF(DYlp2+¢, Y. |0, + ¢ > |0, 141017

2
+ ¢ Z |0'1p|L2(,u,1 - ,up) >
A>p

the summing indices i, j, --- , 4, p run between 1 and r. But on the
finite-dimensional space H 1(M , EndE) all norms are equivalent, hence
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after changing ¢,, ¢,, and c;, if necessary, we get
// 2 2
|F(D +0')|L2<|F 0)|L2+C1ZWU|L2+622| ILflak,llLf

+¢G Z Ia,lp]Lf U, = ﬂp) .
A>p

Since m< K, if A>p and |o ﬂle—a for a, f=1,---,r, we obtain

|F (D) +0)22 < [F(Dy)[3 +&°(4e” + B),
where 4 >0 and B < 0. Thus, we can find ¢, # > 0 such that
\F(Dy + 0)\2 < |[F(Dy)22 — 1 for |o],2 = &,

as claimed. Of course by changing &, 7, if necessary, we also obtain the
inequality
|F(Dy + 0)|,2 < |[F(Dy)l;2—n

After these preparatory remarks we return to our task of obtaining a con-
tradiction to our assumption ¢ # 0. We first note that we may cut our
neighborhoods U, and &, . more, if necessary, so that U, is a product
neighborhood of (0, 0) in S x Imp x Imqg. We also may assume, with-
out loss of generality, that the projection of U, onto Imp is contained
ina (6 — L?)-neighborhood of 0 € Imp, where J is chosen so that, if
|a|le = ¢, then

|F(D] + B +0)— F(Dy +0)|,2<n/2.
This can be achieved in view of the inequality
|F(Dy + B +0) = F(Dy +0)l,2 <|Dy(B)l,2 + [0, Bli;2 + 1I[B, B| 2

and the obvious function space inclusions. We may also assume that the
projection of U, onto Img is contained in an (¢ — Lf)-neighborhood of
0Oelmg.

Now we are ready to define our one-parameter subgroup. Let u =
(4;, -+, u,) be as usual the type of the filtration (x). We view u as
a diagonal infinitesimal gauge transformation and set g, = exp(—zu) for
t > 0. Since Dg preserves the splitting,

gDy + )
0 0 e 0 0
oL BCF ) —1(Fy) oy, 0 . 0 0
=D(’)’+ el(/z(Fl)—u(Fg))o.3l et(ﬂ(Fz)_ﬂ(F3))a.32 . 0 o1,
S WE)~a(E)) o, et(u(Fz)—ﬂ(F,))a.rz et(u(F,_n—ﬂ(Fr))a"_l 0
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|gt(Dg+a) —Dg[L% = la(L% < ¢. Since u(F)) < u(Fj) for i < j, it follows
that lgt(Dg +a) —Dg | I increases to infinity with ¢. Hence, by continuity,
we can find ¢ > 0 such that

}gt(Dg +a)— DglLf =e.

Also
B, WEIHEDR ... fWEIuEDR
gDy +B)=Dy+| ° B,, o MHE)- ,u(F))B |
hence

" 2t u(F. F
|£,(Dy + B) - Dy 2 = Zanle + Yo

i<j
< Z|B[j|Lf = |B|L§ <d.
i<j
Therefore, by previous computations, we have
!
|F(8,(Dy + )2 < |F D)z — 1,
"
|F(g,(Dy + B +a)) — F(g(Dy +0))|,2 < n/2.
Thus, if f denotes the Yang-Mills functional, the above inequalities imply
f(g,(Dy + B +0)) < f(Dg) = f(&),
contradicting (2.11). Hence ¢ = 0 and the manifold structure of ‘Bil is
established at the critical connections. If Dg is a general point in ‘Bil s
then, according to (2.11), we can find a gauge transformation g such that
g(Dg ) is in a neighborhood of a critical point. Since gauging with g is
a homeomorphism in ‘Bf , we can translate the manifold structure to Dy

via g_1 . This defines a manifold atlas of %;2‘1 compatible with the one

of ‘Bf and completes the proof.
(3.7) Theorem. The set ‘Bil of holomorphic structures of type 1 is a

locally closed submanifold of ‘Bf . Furthermore, if (x) is a filtration of type
i, the following homeomorphisms hold
281211 >~ 2 cz ‘Bislz . ‘Bil jad 92 X 2 ’Bislz .
Proof. The first statement was proven in (3.5). The proof of the second
statement runs as follows: According to (3.2), the map

c2 552 2
9.9 cz ‘B 1
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defined by ¢(g, D") := g(D") is a smooth injective immersion onto its
image. Since the image of ¢ in ‘Bf is ‘Bi , and ‘Bi_l is an embedded
submanifold of ‘Bf , we have that the image of d PLia. Dy lies in TDS'%zl .
But as shown in the course of the proof of (3.1),

Imdo;, po= Dg(Lgu) + Lf(T*M” @ UT(E, %)).

By taking perpendicular subspaces with respect to the L? norm in TD(’,"B% R

we obtain that Im d ¢éd by = Im g, where g is the projection used in the

1
proof of Proposition (3.5). Thus Im d(p[id’ D and T, Dél‘Bf” have the same
codimension in TD[','%% . Hence, d Plid, D) is onto TD[','%;ZA , proving that
d Plid, D" is an isomorphism. By translating and using the inverse function
theorem, we show that ¢ is a diffeomorphism, as claimed. Finally, the
homeomorphism gCZ ~ 92 X g2 gfz of Theorem (2.16) completes the
proof. q.e.d. e

The following lemma and corollary are due to Atiyah and Bott. They
are the main tools in their inductive computation of cohomology. We
include them for the sake of completeness. Corollary (3.9) will be used in
§5.

(3.8) Lemma. Thereisa 912)1 ig-equivalent deformation retract of ‘Bislz
onto TT;_, ‘stl(Fi), which restricts to a gy, 5-equivalent retraction of B,
onto [I,_, B (F,).

Proof. Let D" =Dy + 4" ¢ ‘sti , with Djj preserving the splitting,
and let g, be the one-parameter subgroup introduced in the proof of (3.5).
If we write

Ay Ay o 4y,
A= ,
0 0 - 4,
then it is easy to see that lim, | __ gI(D(')' + 4" = D;'o , Where
A4y 0
D! =Dy + ..
0 A

rr
Define H: B x [0, oo] — B by

g(D") ift<oo,
D" ift=00.

o o]

HD", )= {



THE TOPOLOGY OF THE SPACE STABLE BUNDLES 719

The map H is clearly continuous, H(D",0) = D", H (D", x0) €
II;_, B.,(F,), and, since g,(D")=D" holds for D" € [[,_, B.,,(F,) and
te[0,x], H is the identity map on ]_[;=1 %fsl(Fi) . In order to proVe
equivariance, we let g € chiAG:’ t # oo, and observe H(g(D"),t) =
g,8(D")=gg (D")=g-H(D",t). Since the last equation persists at the
limits, the proof is complete. ’ '

(3.9) Corollary. There is a deformation retract of [%zl] onto

H;l[‘stl (F))1, which restricts to a retraction of [B,] onto IT;_,[B,,(F)].

Proof. Define [H]: [B,]x[0, co] — B, by [HI[D", ] = [H(D", 1)].
The map [H] is well defined in view of the equality gfz N 92 = 912>1AG§
so it remains to show continuity. Let D] — D", ¢, — t € [0, oo];
write D} = [g,, 5;’] and D" = [g, D"], where 5;’, D" € ‘Bfflz and
g, g€g with D — D". By (3.7), lim, H(D!, t,) = H(D", t), hence
also lim [H(D!, t)] = [H(D, t)], proving the continuity of [H].-

P25

4. Connection with Morse theory

In the previous sections we studied the space 8 of holomorphic struc-
tures without relying very heavily on the analytical aspects of Yang-Mills
theory. In this section we make the connection with Morse theory. More
precisely, by examining the flow of the gradient defined in §2, we obtain
a Morse-theoretical stratification of our configuration space 2 ~ 98 along
the lines conjectured by Atiyah and Bott. Were the Yang-Mills functional
sufficiently nondegenerate, the above stratification would be nothing but
the stable-unstable manifold decomposition obtained via a Morse func-
tion. It will not be until §6 that we prove the manifold structure of the
stratification obtained in this section. However, in this section we will set
up the machinery for §6.

Let 2(? be the space of Lf—conhections on E. We endow the tangent

spaces of Qlf with the L’-metric. Thus, Qlf becomes (an incomplete)
Riemannian manifold. The Yang-Mills functional f: 2(? — R 1is smooth

and with respect to the Riemannian structure in Ql% defines a gradient.
With the notation explained in §2, it is given by the following formula [1,

§41: *
Vf(D)=D"F(D).

Similarly we have an associated Hessian, which is given by
Hy(n, 1) =(D"Dn++[xF (D), 11, n)2,
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where 7 € TD%T [1, §4]. More generally, if f is a convex, invariant
functional as in §2, we have similar formulas for Vf and H involving
also f and f" [1, §8].

Our goal in this section will be to study the gradient flow of the Yang-
Mills functional f. We first show that f satisfies an equivariant Palais-
Smale Condition C on 2 and thus also a Condition C on [2].

(4.1) Proposition. Let {D,} € % with sup{f(D,)} < oo and

IDF(D))|;» — 0 as i — co. Then, we can find a sequence {g;} in g
2

L
and a subsequence {D} of {D;} so that g;(D,) —— D__, where D__ is
a (smooth) critical connection. In particular, [D j] —[D_] in [Qlf].

Proof. Our proposition is a consequence of Uhlenbeck’s weak com-

pactness theorem [32]. In fact, [32] assures us that we may choose {g;}
2

and subsequence {D,} of {D;} so that g;(D;) O D_  (weakly). Thus,
we only have to improve the convergence. The method is quite standard
and parallels the verification of Condition C for the geodesics problem
[26]. For notational convenience, we denote g i (D j) by D; := D, + A;,
F(D;) by F,, and set D_ = D, + A, ; note that |[D;F;|;> — 0 per-
sists after this change. First notice that by the compactness LfCL“,

4
A; N A, . According to the L*slice theorem (cf. [34]) we may also
assume D x(4; — A )=0. We start by showing that D__ is a critical
point. Since

D].*F].—DOO*FOO=Doo(*F].—*Foo)+[Aj—Aoo,*Fj],

the above expression converges to 0 weakly in LZ_1 . But [D;* Fi|;» >0,

. . . . *
hence D_«F,_ =0, and therefore D_, is critical. By setting ¢, := C|D ijI
we have

42 (Do Foo ~DiF;, A~ Aj)p=—(DiF;, A~ A))
< CIDjFj| 2|4, — 412 < )14, — Al

. 2
Also, since the L* norms of F, and D, « F; are bounded and 4, =
A, (weakly), we obtain the following equality in view of the appropriate
Sobolev embedding theorems:

(DL F,—DiF;, A — A

it
= <Foo > DOO(AOO _Aj))LZ - <F], Dj(Aoo _Aj))LZ
=|F_ - F]-ﬁr}' + terms converging to zero.
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Moreover, as D__ x (4 i A ) =0, we obtain
Cl4 - Aj|L% <4, — Alez +|F,, — F}| ;2 + terms converging to zero.
Hence
IFOO - Flez > C}Aoo _Aj'Lf + ’7]‘ s

where lim; 7, = 0. Therefore we also have
2 2 2
|, —Fil;22Cl4, _Alef +2n,l4,, —Alef +n;

with lim. n; = 0. Hence,

j—oo

* * 2
(43) (DLF,,~DF;, A~ A;) ;2 > ClA, — A1 + 84, — Ajl 2 +8,

where lim, _ J. =0. From (4.2) and (4.3) we obtain

J—oo 7
2
&ld,, — A2 2 ClA,, — 4|2+ 8,4, — 4] 2 + 5,

which, together with lim o & = lim*j_'00 /] ;= 0, proves (4.1). q.e.d.
Proposition (4.1) will provide us with all the necessary compactness
needed to proceed. In the sequel we will study the equation

{ 8D/t = —D*F (D),

(4.4) D(0) = D,

on the space Qlf of connections on E compatible with the fixed metric
K . As explained in [6], there is an equivalent way of viewing (4.4): We
fix the holomorphic structure 0 = Dg and E and consider the equation

dh[dt = 2V=1h(xFy, — ul)
= — {Agh + V—1(xFyh + hFy — 2uh)
+2v=1x(Dyhh™' Dyh)}
h(0) =1

(4.5)

for positive endomorphisms 4. (Here D(') , Dg , Ay, and F, are the opera-
tors corresponding to & and K .) The correspondence between equations
(4.4) and (4.5) is given as follows: Let {D(¢)} be a solution of (4.4),
where D(t) = g(t)D, for some complex gauge transformation g(#). Then
h(t) = g(t)*g(t) satisfies (4.5). Conversely, assume that A(¢) satisfies
(4.5). If we set g, = h(t)l/ 2 then some connection real gauge equiva-
lent to g,(D,) satisfies (4.4). The approaches of fixing the holomorphic
structure (and varying the metric) or fixing the metric (and varying the
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holomorphic structure) are geometrically equivalent. They are related by

the “moving frame”
8:(E,8,Kh)~ (E, g(d), K),

8 *8&=nh,
which is an isometry and a holomorphic 1somorph1sm Hence the two

approaches are completely equivalent.
Equation (4.5) is nonlinear parabolic and standard techniques can be

applied to show (cf. [6]):
(i) Short time existence for the solutions.
(ii) Uniqueness.
(iii) Extension of solutions for all time.
Moreover, by following {12, Proof of Theorem on p. 122], we also get

smooth dependence upon the initial conditions. In particular
(iv) For any finite 7' > 0, there is a continuous flow

[®]: [247] % [0, T] — [24]
defined by [®][D, t]=[D,]. ,

(4.6) Lemma. Let D = D(t) be a solution of (4.4). Then
sup|Fx,t| < +00.

Proof. The equatlon 8D/8t = —D*F gives 8F/0t = —-D* D x F,

hence , 5+ F
= — _A(F) = ~V'V(F).
Thus, by taking inner products pointwise, we obtain
oxF % 1 2 2
(G +F) =~V F) = =58l FE = (9 P,

0 2 2 2
E;I*FLC"‘AMI*FIXz‘zlv*leSO'

From the classical maximum principle, it follows that
y <sup|*F ol <oo.

hence

supl*

(4.7) Lemma. If D = D(t) is the solution of 8D/8t = —D*F(D)

then |D*F(D)|,;» —0 as t — oo. |
Proof. Since |8D/dt|32 = —1(8/81)|F |32, we obtain for all T >0
T1aD|? 1 2, _ 1 2 |

L |52, 4= 500 - 1Fri) < IRl
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2
oD

[) ot 12

Hence, we can find a sequencevof real numbers 7, — +oo, such that
|D*(F (¢)];2 — 0. By differentiating our original equation once more,
we obtain

dt=/ D" FILdt < oo.
0

8’D «OF 8D
o2 =P W_*{W’*F] :
hence _
8 2 8F OF 8D [8D
a‘wr . —‘2R6<5z’ ?37>‘2Re<797’ * [‘aT’FD :
According to (4.6) there is a constant B > 0 such that
o |aD)? AF |2
(4.8) FrA T i ra Bl -
By integrating, we obtain
T 2
aD(T) +2/ ’—(O +B/ oD dt.
L’ 0 o | Ot 12
But since
/°° oD
—1 dt< oo,
0 ot 12
we have
/°° OF |?
—| dt<oo.
0 at LZ

Let T, be any sequence of real numbers converging to oo, and let ¢, be
our sequence of real numbers with the property [(9D/0¢)(¢,)|;> — 0. Set
4, = max{;: t; < T}. Rename ¢, = ¢, and note that ¢, — oo. By
1ntegrat1ng (4 8) from ¢, to T, we get

o< |2P aF
I3 L2
8D 2 T.1oD|?
ar ) . |or), 9"
which implies that
D .
‘—(TA)} = |D"F(T})|,> — 0.
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Since 7T, was arbitrary, this completes the proof. q.e.d.

Given [D] € [Qlf] , we define the limit set w[D] of [D] to be the set of
all [D_le [Qlf] , such that any neighborhood of [D_] contains [D,] with
t arbitrarily large. By combining now Condition C with Lemma (4.7) we
obtain the following:

(4.9) Corollary. Forany D, w[D] is a nonempty subset of the critical
set [N].

Moreover, we show:

(4.10) Lemma. o[D] is connected.

Proof. Assume w[D] = (w[D]NU)U(w[D]INV), where U and V are
open subsets of [A], UNV =T, w[DINU # &, and o[DINV # . We
claim that we can find 7 > 0 such that {[D,]},., C UUV . For, otherwise
we can take ¢, — oo, such that [D, ] ¢ Uu V. By Condition C we can
choose subsequence [D,1—-D_ € a)[D] CUUV hence [D,JeUUV,
a contradiction. Consequently, {[D ]},>T c UuV. Since {[D ]}t>T is
connected, it lies in one of them, say U . But then the closure of {D,} T
lies in [A] — V', hence also w[D], contradicting w[D1NV # . q.e.d.

Before we proceed, we need to observe that the critical sets [‘ﬂ#] are
open and closed in [91]. This is a consequence of the convexity arguments
explained in [1, §12], as follows: Write [91] = |J,[91'] as the union of its
connected components. If [m"] N [‘Jt#] # &, then we claim that [‘Jti] C
[9,]. For, if [SVIN[N,] # @, then we have f(u) = JO) =) = f(4)
for all convex functionals f, hence A = u. Therefore M1, being the
union of its connected components, is open and closed. Now we can
define

[€,1:={[Dl€ [A]: o[DIc M ]}, €, =7'[C,].

We call ¢, and [€)] the Morse strata of f.
(4.11) Lemma. (i) {[¢,]}, forms a partition of [%]].
.. .. 2
(i) {e¢,} p Jorms a partition of A .
Proof. (i) Let [D] € []. Since w[D] # &, then [D] € [€,] for some
4 ; hence the [Q#] ’s cover [?A]. Now, the connectedness of w[D] proves
that they form a partition.

(ii) Clear from (i).
(4.12) Proposition. For each p there exists a neighborhood [v,1 of

[9,] such that [V,]n[2%, ] C [€,].
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Proof. Let [D] € [Qlil] N[e,]. Since the flow preserves the gauge orbits,
: 2
we can choose complex gauge transformations g; such that g,(D) N

D_, €7, . By (2.11), for any convex functional f, we have f(g,(D)) >
S(u); thusalso f(4) = f(D_) > f(u),hence A > u. By restricting now to
a neighborhood [Vﬂ] of [mﬂ] , we will exclude the possibility 4 > x. The
set Vﬂ is constructed as followed: Let f be the Yang-Mills functional;
there are only finitely many u;, > --- > g, = u > --- > u, such that

Sfu;) = f(u) . Let & > 0 such that ‘Rﬂl o, M, are the only critical sets

intersecting f ‘1( flu)—2e, f(u)+2e)=U ) - Pick convex functionals
f; such that
f;'(/l,')>f;'(:ui+1) (i=1,---,n-1)

and define
it
V=V ) —ny fi(w) +mInUp,,,
j=1

where 7, = (fi+4,)~ f{(l;,,))/2 . We claim that, if [D] € [V,]n[2,1N[€,]
and A > u,then A = u. Let us assume A > u. Since D € Uf(ﬂ), then
fD) < f(u) +¢ and f(D,) < f(u)+e. Since {A: f(u) £ f(4) <

f(u)+e} c{uy, -, u,}, wehave A € {u, -, pu,};say 4= for
some k < i. But then

fk(/‘k) = fk(Doo) < fk(D) < fk(/‘,') +
= fk(ﬂi) + %[fk(ﬂk) - f]c(ﬂk+1)] >

which combined with the k + 1<, u, > u;,and f (4, 1) > S (),
shows
fk(ﬂk) < f}c(/‘i) + %[fk(:uk) - fk(ﬂi)] < f}c(ﬂ.k) >
a contradiction. This proves A = ¢ and completes the proof. g.e.d.
The reverse of the inclusions proved in Proposition (4.12) will be shown
in §6 after we establish the convergence of the gradient flow in §5.

5. Retraction along the flow

In this section we show that the gradient lines converge rather than
spiraling around the critical set. Furthermore, the flow defines a retraction
of the strata considered in §3 onto the Yang-Mills connections. We also
show that the retraction above coincides with the retraction defined by
one-parameter subgroups via algebraic considerations.
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Let D be a stable connection. According to [5], there is a Yang-Mills
connection D_ on the complex gauge orbit of D, unique up to real gauge
equivalence. Therefore, if 2 denotes the set of stable holomorphic struc-
tures, we have a map r: [} — [9,] defined by r([D]) =[D_]. We want
to extend the map r to the whole semistable stratum:

(5.1) - Il

For this, we need the following result of Seshadri [28]:
(5.2) Proposition. Let (E, D") be a semistable bundle. Then, there
is a filtration of holomorphic subbundles

(*) 0=E,CE C---CE,=E

such that E,JE, | (i=1,---,r) isstable and u(E,/E,_|) = WE,, /E,)
(i=1,2,---,r—1). Moreover, the isomorphism class of E, ® E,/E, ®
-+ @®E JE_ | depends only upon the isomorphism class of E .

We shall call the filtration of (5.2) a Seshadri filtration of E. Now we
define r as follows: Let D" be a semistable holomorphic structure and
let (*) be a Seshadri filtration. Let F; be the orthogonal complement of
E, , in E, and let Dg be any holomorphic structure on E that splits as
Dy = Dg“) &P Dg(’) with respect t0 E ~. F, ®--- @ F, . Clearly,
with respect to the filtration (x), D” has the form:

All A12 Alr

D" = D// " 0 A22 e A2r
-0 : :
0 0 A

rr
We set
rD") =rDyV + 4, )@ erD," +4,).

The next two lemmas prove that r is well defined and complex gauge
invariant.

(5.3) Lemma. Assume that D] and D, are Yang-Mills, semistable,
and complex gauge equivalent. Then D'l' is real gauge equivalent to D;' .

Proof. Let Dy = g(D{), where g € g . Without loss of generality, we
may assume g = g, g positive. By [5, pp. 276-277], we have Dz(gz) =
0 and therefore D, splits according to the eigenvalues of g, say E =
Flo---oF with g|, =cJId, . Consider the maps E, - E LIy BN FJ .
Clearly, for each i thereis j = j(i) such that A,;: E, - E - E — F‘(i) is

J
nonzero. The map A, is a monomorphism or generically an epimorphism.
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In the second case, if we denote by S; the sheaf Ima; C F , we have
the inequalities
H(E) = ,u(Ei) S ,LL(Si) < ,u(Fj(,')) = u(E). _

Hence, u(S;) = ,u(Fj(i)), or, since rkS§; = rkFJﬁ(i), we obtain ¢ (S;) =
cl(Fj(i)) and thus C1(Fj(f)/Si) = 0. But, since 4; is generically an epi-
morphism, FJ.(I.) /S; is a torsion sheaf, hence F ) /S; = 0, implying that
S, = Fj(i). Therefore, 4; is onto, and, by the stability of E,, 4, is an
isomorphism. In any case 4; is a monomorphism, so E; is a subbundle
of F,; and g|E = Id . Hence, with respectto E~E, &---© E,_, we

J(i
can write

el d1 0 A 0
g = '.. , [)1 = ..
0 cld, 0 A,

Thus, D, = g(D) =Dy . : |

(5.4) Lemma. If D" e and geg®, then r(g(D")) = r(D").

Proof. According to (5.2), r(g(D")) = gr(D"), where & € gc. The
rest follows by (5.3). '

(5.5) Proposition. If D, is Yang-Mills and semistable, then we can

find ¢ > 0 and K > 0 such that for all B e L? (T M®u(E)) and
iB\Lz < & the following hold:

(i) There exists a u L 2_perpendicular to P = kerD(',' such that
¢“(Dy + B) = Dy + A, where |u|; <Ke and DA =0.
(ii) Let D, + B be complex gauge equivalent to D;+ B with B €
Lf(T *M®u(E)) and |§| 12 <&, and let DO+A~ be the connection obtained
1 ~
from Dy+ B via (i); then Dy+ A= p(D,+ A), where p € P
(i) If Dg-i—B" preserves the same filtration with Dg , then so does A" .
Proof. (i) Let S be the space of sections of End(E) which are L*-
perpendicular to &, and define
D:Sx LX(T"M ®EndE) - S
by ‘ ‘l‘ - L]
D(u, B') = (V=1ADj(e™™ B'e" +e™* Dye )",
where * denotes the fiberwise adjoint with respect to the metric on E .
We observe that '

02

2| (ou) = (V=IAD,Dy(6u)")" = Ay (S
30 (0’0)( )= (V-1 o(01)")" = Ag(du),
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which is invertible as a map from S to itself. Hence, by the implicit
function theorem, we can solve the equation Z(u, B’) =0 for B -
close to 0 € Lf(T*M' ® End E) and obtain the estimate |u|,» < K |B'] 12
for some positive constant K depending upon & and ¢. Byzsetting l

(D, + A) = e"(Dy + B)

property (i) is clearly satisfied.
(i1) Let us assume now that D, +B= g(D0 +A) for some g € g with
lg{Lz =1 and IBILz <e¢. Let D, +A=e¢ (D + B) be obtained as in (i)

and let p = e“ge™™. Of course, D, + A = p(D, + 4) and Pl < e
We claim that p € & . Write

D' =pd - Ap", DyDyp” =Dy (p*4 — A'p").

Let p=p+q,where p €% and q € L Then, since Dg is Yang-Mills,
DyA' =DjA =0, weobtain DyDyq = Dy(qA —A'q). Since |A|o < Ce,
integrating against g :

,
vlalz < 1Dgal > < Dyala(14'ql 2 + |4 dl 2)
< 2Celqlp2lal s

where C and y are Sobolev constants. But also |g|,> < |p|,> < e

Hence by making & smaller, if necessary, we obtain a contradiction unless
g=0.

(iii) Let (x) be a filtration preserved by Dg and let S’ be the subset
of S consisting of the endomorphisms of E that preserve (x). The map
S restricts to a smooth map

S x LT M"®UT(x)) — §

!

The rest follows as in (i).

(5.6) Lemma. If {D,} is a sequence of semistable connections on E
converging in Lf to a critical semistable connection D, and {n} is a se-
quence of endomorphisms of E satisfying m, = n; , nf = =,
1- ni)D;’(ni) =0, and p(n;) = p(E), then there is a subsequence {r}
of {m;} converging in Lf to n, where D" (n) = 0.!

Proof. By taking subsequences, if necessary, we may assume that the
;s have the same topological type. Recall [34] that the Chern class of =,

! The convergence can be easily improved by using (3.2) and a standard linearization
argument; see, for example, [8, Proposition 8.3].
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is defined by

¢, (m;) /trnF(D +|D 7L'|Lz
2
Since F(D,) L. F (D) = u(E)-d and |m,|,. is bounded, we have that,

. L2 L?
after passing to a subsequence, 7, — 7 (weakly). Hence T, — T,

and |D:-/7l.'l-|Lz — 0 since u(m) -—; u(w;) = u(E) . Therefore |D"7L'l»|L2 -0,
which combined with the z, A 7 proves the lemma. q.e.d.

Now let us assume that D, is Yang-Mills semistable preserving a Se-
shadri filtration 0 C E; C E. We also assume without loss of generality
that E, is not isomorphic to E/E, := E, . Consider for 7, j € {1, 2} the
operator

C™(Hom(E,, E;)) =~ C*(T"M" ® Hom(E, , E)).

By Riemann-Roch and the assumption that our base curve has genus g > 2
we can pick S and y nonzero elements of the cokernel of Dg , where
B e C(I"M" @ Hom(E,, E,)) and y € C*(T"M" @ Hom(E,, E,)).

We set
_ {0 BY.
Z_(y 0)’
clearly DE)Z =0.

(5.7) Lemma. If X is as above, then there exists an &, > 0 such that
Jor any 0 < & <¢, the holomorphic structure D;' = Dg + X is stable.

Proof. Assume that there is a sequence of positive numbers g — 0,
such that D is not stable. By (5.6) we may assume that D preserves a
Seshadri ﬁltratlon 0 C F; C E with F; topologically equlvalent to E, or
E,,say, eg., E,|. Choose g; tobea complex gauge transformation such
that g,(F;) = E Therefore, g(D ) preserves the filtration 0 C E, C E

with stable quotients. We also may assume without loss of generahty, that
2

g,(D,) Lip , where D is Yang-Mills preserving the same Seshadri filtra-
tion. ‘By a standard argument [8, p. 59], the automorphisms g;/|g;|,;: and
gl._1 /g 1| ;2 converge to nontrivial endomorphisms %, and #,. Clearly,
h,:(E, Dy) — (E, D) and h,: (E, D) — (E, D;) are holomorphic maps.
By combining %, and 4, we show that D, and D are gauge equivalent,
say D = g(D,). By the stability of D, and D restricted to E, and E,,
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we have that g preserves the splitting E, @ E,, hence g~ g( s_) pre-
serves a Seshadri filtration 0 C E,CE, where Jje{l,2}. Observe also

2

that g~ gi(Dsl) R D, . The rest follows from (5.5)(ii) and (iii). q.e.d.

Now let D" be a semistable holomorphic structure, preserving a non-
trivial Seshadri filtration 0 C E, C E. We claim that D" can be approx-
imated in the Lf norm by stable holomorphic structures. First choose a
one-parameter family of gauge transformations {g,},, such that
lim, |, g,(D) =: D, is Yang-Mills, preserving the same filtration as D.
Then, choose (by (5.7)) g, > 0 such that for any X as in (5.7) with
|B1,2 < & I7]2 < & , the holomorphic structure D +X is stable. Choose
¢t and adjust ¢, if necessary, so that 'g,(D) lies in an ¢;-neighborhood of
D, such that (5.5) holds in the ¢j,-neighborhood. We may assume without
loss of generality that g,(D")| 5 @ gD N /£, = D, . Then, by the same

argument as in (5.5)(i) and (iii) we obtain D '+ A4 gauge equlvalent to D,
where

A= <8 g) > Y€ Hl(M, Hom(E/E,, E,)), |y|Lf <g.

Choose 8, € H'(M, Hom(E,, E/E,), |9, |L2 — 0. Then Dy + (O %) are
stable, converging to Dg + A. Hence, D + A can be approximated by
stable holomorphic structures and therefore the same holds for D. Now
we are ready to prove the following:

(5.8) Proposition. The set A, of stable connections is dense in A

Proof. Let (E, D") be a semistable holomorphic structure. We have
already shown that (5.8) holds in the case where D" satisfies a two-step
Seshadri filtration. The general case follows by induction on the length r
of the Seshadri filtration. Let us assume that r > 2 and Proposition (5.8)
holds for all semistable holomorphic structures with Seshadri filtrations of
length < r. Let

O=E,CE, C---CE,=E

be a Seshadn filtration of D" . By our inductive hypothesis, we can approx-
imate D’ | E,_, by stable holomorphic structures. Thus we can approximate

D" by holomorphic structures that preserve a two-step Seshadri filtration.
Our result follows by our inductive hypothesis.
(5.9) Lemma. Suppose D and D are Yang-Mills, D; Yang-Mills sta-

2 2

L ~ . . ~ L =
ble, D, —= D, D, is complex gauge equivalent to D,, and D; — D.

Then D is a real gauge equivalent to D.
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Proof Assume that D is not gauge equivalent to D. First observe
that we can find ¢ > 1 with the following property: There is 7 > 0 such
that if B € L}(T*M ® u(e)) with |[D*B|,» <t and |DB+BAB|.<T,
then
(5.10) |B|Lf <2t +|B|4).

This can be achieved as follows. Consider the operator

Z: LT M @u(E)) —» L’ (T*M ® u(E))
defined by the formula 2(B) = DD*B + D" (DB + B A B) + B. By our
assumption, Z(B) — B|,: < ¢,{|D"B|,2 +|DB + B A B|,:} < ¢,;7. But,

-1
provided 7 is sufficiently small, we obtain
1Bl2 < | (B)|,2

< ¢ {|DD B|Lz_l +|D (DB + B /\B)|L2_,' + |B|L2_1}

< c{27 + B|B,2}
for some ¢ > 0, proving (5.10).

We pick ¢ asin (5.5)andlet 0 < 7 < { min{e, 8}, where & > 0 is such
that the real slice theorem [8, Theorem (3.2)] holds in a d-neighborhood
of D. We flow D, along the heat equation until we obtain the connection
D, + B;, where B; € Li(T"M ® u(E)), D;(B,) =0, and |B{.« = n/2c.
This is possible by our assumption that D and D are not gauge equivalent

for some 7 > 0 as before. Since D, is a minimizing sequence, the same is
2

~ 5~ . L .
true for D, + B, , hence |D,B;+B;AB,|,» — 0. Since D, —5 D, it follows

that |D§i + Ei A Eile — 0 and |D*§I-[L2 — 0. Therefore, according to
(5.10), we obtain for i sufficiently large ILN?i\ 2 < <¢g/2. By passing to
1

~ L? ~
a subsequence, if necessary, we may also assume that B, — B (weakly),

where D+ B is Yang-Mills and |§| ¢ = 11/c. Summing up, so far we have
connections D, = D + B; and 51‘ =D+ B;, where D and D, are Yang-

~ ‘ : L ~ L]~
Mills stable, D, is complex gauge equivalent to D;, B, -0, B, - B

(weakly), |B;,» < ¢, |§|L4 =n/c, and D*B = 0. Now we are ready to
1
apply (5.5) to obtain u; and #, Lz-perpendicular to  :=kerD, with
1”,‘\[,% SK|B,'1L$, ‘ﬁing SK‘B,‘|Lf-
We set as in (5.5)
e“(D+B)=D+4,, e“(D+B)=D+A4,,
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where there exists p, € & such that
D+A4;=p(D+4,).
Now we are almost done with the proof of (5.9). By choosing subse-

2 2

L ~ I} ~
quences, we may assume that i, =2 u (weakly), A, — A (weakly),
2

L ~ ~
A; = 0 (weakly), and D + B = ¢“(D + A). We also may assume, by tak-
ing further subsequences, if necessary, that we can write p; = Z /1“ N

a=1 "]

* 2
where /1; > > /1 , 1% € C®(EndE), nf ==} =z, D'n = 0,
(23 LZ a a .
and 77 —> n} with rk(z]) = rk(z}) = r(@) > 0 (i =1,2, -,
L? ~ I ~
a=1,---,k). Since 4, = 0 and A, = A4 (weakly), A" has to be
strictly upper triangular with respect to the filtration

Ocr (E)yca (E)yor’ (E)C---Cr. (E)e---@on (E)=E.

But, since D+B = ¢*(D+4), we have r(D+B) = r(D+A) =r(D)=[D],
hence D+ B is gauge equivalent to D . But, since |B| <d and D'B =0,
it follows that B has to be 0, contradicting |B| 1+ =1n/c. This completes
the proof.

(5.11) Corollary. The map r: [A] — [N,] is continuous.

Before we proceed further we need to establish the continuity of r on

[Ql ] the set of holomorphlc structures that split as a direct sum of stable

ones. More precisely, D ¢ les if there is a complex gauge transformation
g such that g(D) splits as a direct sum of stable connections (for the
rank-2 case cf. [8, p. 54]). We start by proving a simple lemma which is

of independent interest.
p

(5.12) Lemma. Let n; € Ly(EndE), tkn, =5, niz =mn;,and m, L
n., (pk > 2). Thenwecanwrite &, = uu; , with u,, % € L;(EndE),

[ e] [0S it )
. Ly
u; preserving the metric, u; — id, and #,(E) =n_(E).

Proof. It is easy to check 7[50 ==n_ and tkz_ =s. We may assume
that the metric on E is chosen so that z_ is an orthogonal projection.
The problem is local, and we may assume that the bundles E, F :=
n (E), and F ti=(1- m_ )(E) are all product bundles of dimensions

n,s,and n—s, respectively. Let {ecl,o R e:o} = ?Oo bea C™ global
orthonormal frame of E such that {e! ,---, e’} and {e', ... e"}

form corresponding frames for ¥ and F L. By the inclusion Lﬁ C CO,
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the frames {m(e, ) =t fL, -, mel) = £} and {(1 —z)(") =
f:oH’ o, (L =my(el)) =: (f)} are global L? frames for F, := m,(E)

i

and F,:= (1-7n,)E,. Let €, ={e;, -, e} be the frame obtained by
Gram-Schmidt orthonormalization of 71. ={ fl.1 , -+ f'}. Since 71’ is

fiberwise very close to the orthonormal frame ?oo , the Gram-Schmidt
procedure is C* . Hence, by the composition lemma C® x L? — L? | the

assignment
u,'{el en}_,{el en}
i* oo ? Yoo i ]

1

. 7 X _ L
is L7 and u; — id. We set %, = u, n,u, and observe that 7 (e’ ) =

ui_lnie{ = ui_le{ = ego for j <s. Thus Im#, > Im~z_ , which, together
with the equalities s = rkn; = 1k %, = rkn__, proves the lemma.

spl
(5.13) Corollary. The map r: [Ql;] — [N,] is continuous.
spl 2
Proof. We have to show that if D}, D! ¢ Ql;; and D] R D!, then

rD;) — r(DL). If the D; °s are stable, then this follows from (5.9). The
general case will follow by induction on the rank of E. If tkE =1, our
statement follows again from (5.9). Assume the result to be true for all
bundles with rank < # and let E be a bundle of rank = n. Suppose

that all the D:.' ’s are split and choose 7;: E — E such that niz =7,= nf
. . L2
and D;'(ni) = 0. By standard elliptic estimates, 7, — m. , and, by
-1 . Lk, . L
(5.12), 7, = u,,u; " with u, —2> id and #,(E) = n_(E). Since D] —%

2
D!, it follows that u; ' (D) A D" and u; (D) preserves the bundles
2
n_(E) and (1 —z_)(E). But then u; (D)), ) A, D,  and

—_ L ) ‘ ‘
i I(D ;,)I(l—noo)(E) — D:,'o|(1_,,w)(E) ; hence, by our inductive hypothesis
r(D}) = r(u;(D})) - r(DL). qed

As in the unstable case, it is useful to view r(D") as limit points of
one-parameter subgroups. Given D" semistable, there is a one-parameter
subgroup {e"},. such that

lim ¢'“(D") = D

t—o00 sp’

17

spl
with D[ € Ql:s and r(D;) = r(D"). More specifically, if D" pre-
serves the Seshadri filtration (%) of (5.2), then we can choose a to be an
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infinitesimal complex gauge transformation by setting
a=r-ld;, &(r - VId, @ eld,

where 1 d denotes the identity endomorphismon F;, i =1, . We
will proceed to show that r is continuous on the whole stratum [QL uE

(5.14) Lemma. Let D, €A and D, —»D Then r(D,) — r(D).

Proof. If [D] € [¥,], we are done by (5.13). If [D] € [%,] choose a
one-parameter subgroup as before such that

2
(D) LD, (t—o0).

By definition, r(D) = r(D,,). Let V be an open neighborhood of (D).
According to (5.13) there is a neighborhood U of D, in [A] such that

K@) c ¥, where U = UN[2L_.]. Choose T’ such that e”*(D) € U . Since

2 2
D, A, D, we have that eT“(D) u e’D) (i — o0), hence we can

find lo such that, for all i > 10, e’ (D) € U. Since D; € 2, it follows
that e’ *(D ;) € 2A_; hence e’ *(D) € U, which implies that, for i > iy »
r(D,) = r(e”(D l)) € V. Since V was arbitrary, r(D,) — r(D).

(5.15) Lemma. The map r:[2,]— [N,] is continuous.
2

Proof. Assume that we can find D* L. D and r(Dk) - r(D). Since

the critical set is compact, we can choose a subsequence, call it again D* ,
so that
k k
D 1=r(D")—I[D_].

Choose D*' stable such that D* — D* (I — o0). According to (5.11),
r(D*y - r(D*)=[DX] (I - ).

Let U and V be disjoint open neighborhoods of r(D) and [D_]. For
each k, choose /(k) > k such that r(ka) e V for all m > {(k). For
each k we can also choose m = m(k) > I(k) so that DF™K) s stable and
D% L, p. By (5.14), r(D*"®) 5 ¢(D) € U and #(D*"®) e V.
Hence for k& large enough

km(k))

rD ceUnv =0,

a contradiction. This completes the proof. q.e.d.
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We next extend r to d map r: [Qlfsl] — [R,] as follows: Let D € Qlfsl

and choose Dl‘ complex gauge equivalent to D with D, smooth. We set
r(D) := r(D,) . The following is a trivial corollary of Lemma (5.14).
(5.16) Corollary. r: [%2,]— [,] is continuous.
We finally extend r to the whole moduli space r: [Qlf] - Uu[mﬂ] as
follows: Let D =D, &---® D,, where the D ;’s are semistable; we define

rDy=rD))&---arD,).

r

Now assume [D] & [Qlil]. Let:
[H,]:=[H(-, )]: 2] - [J122%, (F)1,
i=1

where [H] is the map of (3.9). We define r: [Qlil] —[7R,] by the formula
r= rlH:=1[ﬁfs1(Fi)] ° [H°°] '

(5.17) Lemma. If D" € 2‘,211 and g € g%, then r(gD") = r(D").
Moreover, r is continuous on Qlil .

Proof. Let (x) be a given filtration of type u; we write E ~.~ F; @
---@ F, in the usual way. It is not difficult to verify that [H](gD", o) =
gsp[H](D", o0) , where 8, breserves E=F @---®F,. Hence,

r(g(D")) = r(g, ,H(D", 0)) = r(H(D" , 00)) = r(D").

The continuity of r on [Q(il] follows from (3.9)-and (5.15). q.e.d.
After this long preparatory work we are ready to prove our main results,
(5.18) Proposition. If D] — D__, where D] belongs to the complex

gauge orbit of D" and D! is Yang-Mills, then [D. ] = r(D"). Thus, there

is exactly one minimizing limit point on each complex orbit.
Proof. Let D] — D as above. Then r(D") = r(D]) — r(D.) =

[D.]. Hence, r(D")=[D"]. qed.

As an immediate consequence we obtain the convergence of the heat
flow at infinite time:
(5.19) Corollary. For any D" in Qlf the heat flow [®(D", )] con-

verges to r(D) as t — oo.

Finally we also have the following homotopy resuit.
(5.20) Theorem. Foreach u there is a deformation retract of the stra-

tum [Qlil] onto the critical set 9,1
Proof- According to Corollary (3.9) it is enough to prove our theorem

for the semistable stratum. Let i denote the inclusion of [91)] into [ ].
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We have to show that i o r is homotopic to the identity. The desired
homotopy is given with the aid of the heat flow [®(-, -}] as follows. Define

G:[A,]1x[0, 00] — [A]
by G(D, t) =[®(D, t)] if t # co and G(D, oo) = r(D)}. That G defines
a homotopy between ior and the identity map is a consequence of (5.17),
(5.18), and remark (iv) following. Proposition (4.1).

6. The equivalence of the two stratifications

In this section we compare the stratification {2} of 2 via stable bun-
dles with the stratification of 2 obtained by the Morse function f. More
precisely, show, as conjectured by Atiyah and Bott, that the two stratifi-
cations coincide. This follows quite easily from the results of §§4 and 5.
Our original argument was making use of the distance decreasing property
of the flow (4.5) restricted to a complex gauge orbit. However, such an
argument is not necessary in view of the results proved in §5. The heat
equation converges to a unique connection up to real gauge equivalence
and this is certainly enough to imply the equality of the two stratifications.

We start with the following lemma.

(6.1) Lemma. The Morse strata ¢, are preserved by the complex
gauge group.

Proof. Let D, € ¢, and D, = g(D,) for some complex gauge trans-
formation g. By the convergence of the heat flow, we obtain, under the
notation of §4,

w[D,]1=r(D,) = r(D,) = w[D,].
Hence D, € <, proving our claim.

(6.2) Theorem. The Morse stratification of the Yang-Mills functional
coincides with the stratification of Harder and Narasimhan. More precisely
with the notation as in §§4 and 5 and for any u, 2(21 =C,.

Proof. Since {2(;‘;1} and {¢ } form partitions of Qlf , it would be
enough to show 2(12‘1 ce,.Let De 2(12‘1 andlet [V, ] be the neighborhood
of Proposition (4.12) with the property [v,In [Qlil] cle,l. We flow D
along the heat equation for time ¢ until we obtain [D,] € 1. Since also
[D,] e [Qlil] , from Proposition (4.12) it follows that [D,] € [Q#] . But D,
is complex gauge equivalent to D, hence, by Lemma (6.1), [D] € [€,1.
Again Lemma (6.1) shows that De €, . g.e.d.

Finally, by combining with the results of §5, we can state our main
conclusion:
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(6.3) Theorem. Yang-Mills functional induces on the moduli space of
metric connections a stable-unstable manifold stratification in the sense of
Morse theory. Moreover, the gradient flow of the of the Yang-Mills func-
tional defines a deformation retract of each stratum onto the critical set.

7. Topological applications

In this section we will indicate how our methods can produce new infor-
mation about the topology of the space of stable bundles. More precisely,
we will specialize, as mentioned in the Introduction, to the case of bun-
dles of rank 2 and Chern class 0 and we will compute some homotopy and
cohomology groups of the moduli space of stable bundles. Although we
are making use of the results in [1] on the topology of the gauge group,
the spirit of our method differs from that of Atiyah and Bott. We are
computing ordinary cohomology and homotopy instead of equivariant co-
homology.

The main application of this section can be summarized in the follow-
ing:

(7.1) Theorem. Let # = le/g‘C denote the moduli space of stable
bundles of rank2 and Chern class 0 over a Riemann surface of genus
g>3 2 Let My denote the subspace of M consisting of bundles of trivial
determinant. Then:

(i) n(#)~H((M,Z), n,(#)~0,
(i) 7,(H#) = 1y(y) = Z&Z,,

(i) 7= (A) =m( M) =7, _1(8), 2<i<2(g—-1)-2.

Theorem (7.1) follows directly from the next proposition.

(7.2) Proposition. Let 2 denote the set of stable holomorphic struc-
tures on a bundle of rank 2 and Chern class 0. Then the inclusion of %, in
A is a homotopy equivalence up to dimension 2(g — 1) — 1. In particular,
() =01 i<2(g-1)-2.

Proof of Theorem (7.1) assuming (7.2). Let g be the real gauge group
as before, and let § = g/u(1) be the quotient of g by its constant, central
subgroup. Let gC and ﬁc = g(C /C* denote the corresponding complexified
groups. Since g and ﬁc are homotopy equivalent and ﬁc acts freely on
2, the moduli space .# = 2 / g(C = QIS/E(C is homotopy equivalent to
Qlf = Eg xz A As usual Fg — Bg denotes the unique up to homotopy
equivalence universal bundle over the classifying space Bg of g.

2 The case g = 2 is somewhat special. In fact, the moduli space is much more explicitly
known in this case [23].
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Let
(73) % - 5 Bj |
be the fibration associated to the universal one with fiber 2 . By applying

Proposition (7.2) to the long exact sequence in homotopy associated to the
fibration (7.3), we obtain

7,(A°) ~ 7,(Bg) ~ 7, ,().

3

Since Qlf_ is homotopy equivalent to the moduli space of stable bundies
A , we only have to compute n,(g). Now the statements about #,(.#)
follow directly by the long exact sequence in homotopy associated to the
fibration U(1l) — g — g (cf. the discussion in [1] following (2.26)).

It is worth pointing out that the isomorphism 7,(.#) ~ =, _,(g) for
i <2(n—1)(g—1)-2 is induced via the boundary map in the long exact
sequence in homotopy associated to the quotient fibration A, — A /g
(recall that, by Theorem (5.20), 2 /g is homotopy equivalent to .#).
Thus, although for homotopy computations we do not need to introduce
the space Qlf , we will use (7.3) to compute cohomology (cf. (7.10)).

In order to prove the statements about .4, consider the fibration

(7.4 ' ML g (M)

which associates to a given holomorphic bundle E its determinant line
bundle det(E) := A"(E) in the Jacobian of A {1, §9]. Now if O is the
trivial bundle in J,(M), the .4 is nothing but the fiber det—‘I(O) of (7.4).
Since Jy,(M) is a torus and det induces an isomorphism det, : 7, (#) —
m,(J,) [1, §9], everything follows directly from the long exact sequence in
homotopy associated to (7.4). q.e.d.

In order to prove (7.2) we will show that the complement of the stable
stratum 2, in 2 can be stratified by locally closed submanifolds of 2 of
real codimension at least 2g —2. Let 2 denote as before the semistable
stratum. We have shown in §3 that the complement of 2, in A can be
stratified by locally closed submanifolds whose codimension, according to
Riemann-Roch, is at least 2g — 2. We thus need only to stratify % \ 2 .

In order to do so we recall from §5 that any semistable holomorphic
bundle E preserves a holomorphic Seshadri filtration. Assuming that E
is not stable the Seshadri filtration is nothing but a line subbundle

(%) _ OCLCE.

As in the unstable case we will parametrize our stratification via the Se-
shadri filtration as follows:
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(7.5) - Definition. (i) Let D" be an indecomposable holomorphic struc-
ture. Assume D" is semistable and nonstable, and let L C E be the line
subbundle of Chern class 0 preserved by D" . Let &, denote the set D’
as before such that L is nonisomorphic to E/L, and let %, denote the
set of D" such that L is isomorphic to E/L.. . '

(ii) On the other extreme assume that D" splits as L,oL,. Let &,
denote the set of D" such that L, is nonisomorphic to L,, and let %,
denote the set of D” such that L, is isomorphic to L, .

(iii) We also set F, for the stable stratum. If on the set of indices
ij as before (i, j =0, 1, 2) we put the lexicographic order, we obtain a
partially ordered set:

Z,
et N
Fa %
11
00

The next lemma is the analogue of the result of Shatz [29] for the
semistable case; cf. also Proposition (2.12).

(7.6) Lemma. With the partial order on the set of indices u = ij
defined as before,

F.,cU?s.
v2H

Proof. Let u=ij andlet D, be asequence of pointsin & ; converging
to D. The openness of the stable strata (for various ranks) implies that
De % ,where v =kl with k >i. If k > i, then we are done because
v>up. If k=i, then [ > j because the condition of two bundles being
isomorphic to a closed condition. q.e.d.

Observe that from the last lemma it follows that UV2 uﬁ; is a closed
subspace of 2 . In fact we will make use of (7.6) in the proofs of (7.7)
and (7.8) in this equivalent form. Now we are ready to state our “cell
decomposition” theorem for 2 .

(7.7) Theorem. The subspaces 5‘; u=1i (i,j=0,1,2), are
locally closed submanifolds of 2, of codimension at least 2g — 2.

Proof of (1.2) assuming (7.7). Let i <2(g—1)~2 andlet /: S — 2,
be a representative of a homotopy class in #,(%). Since z,(%) = 0, by
(7.2), there is a homotopy F of f to the constant loop in 2. However,
since [+ 1 is less than the codimension of the submanifolds stratifying
A\, , we can deform F (cf. [10, Corollary on p. 73]) so that F misses
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2, \2, . In other words, f is homotopic to the constant loop in 2 and
thus #,(A)=0. q.e.d.

In order to prove (7.7) we need to make some preparatory work. Let
D(')' be Yang-Mills semistable and nonstable, and let L be a subbundle of
E preserved by D(')' . We can use L to define a filtration

(%) OcLCE

of C* subbundles of E. Given X € Lf(T*M " @ End E) we can decom-
pose it with respect to (*) in the form

DI X
v = ( 1 12)
L Iy

as in §3. The next lemma is the key to the proof of (7.7).

(7.8) Lemma. Let Dg be Yang-Mills semistable and nonstable, and
let L be a subbundle of E preserving D(')' . Let (%) be as before the filtration
defined by L and let ¥ be an End E-valued (0, 1)-form satisfying:

(i) X is harmonic, i.e, DyZ =0,

(ii) with respect to the filtration (*)

0 B
= (}’ 0 )

where both f and y are nonzero.

Then, there exists ¢ = s(D(')' ) > 0 such that for all ¥ as above with
1z p<¢e:

Case (a) D(')' + 2 € & if L is nonisomorphic to E[L with respect to

1
DO j /!

Case (b) Dy +X ¢ 5, U, if L isisomorphicto E/L.

Proof. We will deal with Case (a) first. Proof by contradiction: Sup-
pose that there is a sequence

%= (5 0)

satisfying (i) and (i) with |],2 — 0 and |3];2 — 0, and Dy + 3, is
not stable. Then, there are subbundles z; of E such that u(m;) =0,
and D(')' + X, preserves =n,. Thus, according to Lemma (5.6) and the
footnote following it, we may assume after passing to a subsequence that
m, > 7 in L;, where D(')'(n) = 0. Since L is not isomorphic to E/L,
the only bundles preserved by D(')' are L and E/L, and thus n(E) =L
or (1 —n)(E)= L. Hence, by replacing © with (1 — ) if necessary, we
may assume that n(E) = L. It is important to observe that the form of
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%, does not alter under this change, since both B, and y, were assumed
to be nonzero.

Since n; — = in the L;-topology, we may apply Proposition (5.12)
to 7; to obtain holomorphic structures D] gauge equivalent to Dy +X,,
D! — D} in the L}-topology, and D/ preserves n(E) = L. There-
fore, according to Proposition (5.5), we can choose p, € kerD(')' such that
p,(D{) =Dy +p,Ep; ! preserves L. In other words if we express every-
thing in terms of the filtration (%), we obtain (after omitting the index i)
an equation of the form:

0 ,B _ -1 {0, 0, "
(7.9) (y 0>—p (O o, D, p €kerD,.
But since L is nonisomorphic to E/L , the kernel of Dg consists of gauge
transformations of the form

=P10)
r=(% )

when p, and p, are constants. This contradicts (7.8) since y # 0, and
completes the proof of Case (a).

The proof of Case (b) is similar but with a few modifications to be
pointed out. We first fix an identification of L with E/L such that the
induced holomorphic structures from D(')' on L and E/L coincide under
this identification. Again let X, — O as before and assume that Dg +Z;
belongs to 7, U.%,,. Then there is a subbundle #; preserving D(')' +Z;
as before and with the additional property that the induced holomorphic
structures on the bundles #,(£) and (1 — x;)(E) are isomorphic. Again
n, — n as before and we can gauge Dg +Z, to obtain a new holomorphic
structure Dg preserving 7 with Dl'.' — D(')' . By gauging D;' by an element
of kerD; we may assume 7(E) = L. Finally, since we assumed that
Dy|, = D(')'IE/L , we may gauge D! so that also D)|, = D;'IE/L and D]
still converges to D(')'. Now we again apply (5.5) to obtain p; € ker D(')'
such that pl.(D(')' +Z)= D;' . In other words, omitting the index i yields
an equation of the form

! 0 B\ _ -1({o, oy =
(7.9) (}) O)—p (O Gy p, O =0y -

By formally taking traces in (7.9") we get g,, = 05, = 0, and this clearly
contradicts (7.9") since both g and y are nonzero. g.e.d.
We now come to the proof of our main Theorem (7.7).
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Proof of (1.7). We start with %, first. Let D" € %, and let
(*) OcLCE

be the filtration preserved by D" . Let Dg be the induced holomorphic
structure on L@ E/L . Since the heat flow is continuous and converges to
a unique real orbit (cf. Proposition (5.18) and Corollary (5.19)), we may
flow down the complex orbit of D" so that D, is Yang-Mills and D" is
-arbitrarily close to D(')' . In other words, if we define a manifold structure
of &, around D" close to the critical set, then we can use the flow to
translate it everywhere.

Let &# = kerD(')' C L;(End E), let P be the L2-perpendicular sub-
space of # in L%(EndE), and let H 1(M , End E) denote the space of

D(')' -harmonic 1-forms with coefficients in End E . Define

9y P x H (M,EndE) — 2
by ¢,(u, T) == e“(Dg + T') . By the inverse function theorem we may as-
sume that ¢, is a homeomorphism when restricted to an ¢,-neighborhood
of 0e P x H 1(M , End E), where ¢, is less than the number s(Dg ) of

Lemma (7.8). Let U, be the image of ¢, in 2. As explained before we
may assume that D" =D + B € U, . With respect to the filtration (x),

2=(55).

Clearly f #0, since D" was assumed to be indecomposable, say, || =

2¢, > 0. Take U to be an ¢,-neighborhood of D) + B=D" in U, and
define
¢: P x H' (M, EndE) — 2
by ¢(u, T):=e“(D" + T). By making &, and ¢, smaller, if necessary,
we may assume by the inverse function theorem that ¢ is a homeomor-
phism into U, when restricted to an ¢j-neighborhood of 0 in P x
H'(M ,EndE).
We now define relative to the filtration (*) a projection

q: H'(M , EndE) —» H'(M, EndE)

T, T
q( 11 12) =T .
T Ty 2

We claim that the equation ¢ = 0 defines a chart of %, around D”.
Indeed, let u € P and T € H'(M,EndE) with 7|z < ¢ and

by
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g(T) = 0. Then, by making ¢, smaller if necessary, D" + T preserves L
and induces nonisomorphic holomorphic structures on L and E/L (cf.
Lemma (7.6)). Therefore, p(u,T) = e*(D" + T) € &, . Conversely,
assume that D" + T € &, with |T|,» < ¢ and q(T) # 0. We will
show that this is a contradiction. Indeéd, write T = (T, ;) as before. If
T,, =T,, = 0, then our contradiction follows from (7.8) since 7},+8 # 0
and T, =q(T) # 0. In general we can write
" _pn' 0 f+ T12> (T“ 0 )
D'+T D0+(T21 o 7)o T,

and, again by (7.8), Dj + (Tg 1 #iTi2) is stable. Again, by shrinking U
if necessary and recalling that the stable stratum is open, we obtain a
contradiction. o

The proof that &%, is a submanifold is completely analogous. Again
let D" e &, preserve a filtration (x), let D(')' be the induced structure
on L@ E/L, and assume as in Lemma (7.8) that D(')'|L = (')'IE/L under a
fixed identification of L with E/L. We proceed as before with the only
difference being that in this case

q (;11 ?2) - (Tu]j T, 8) )
, 21 22 21

Indeed, we will have to show that the equation ¢ = 0 defines a chart of
#,, around D" Clearly if q(T) =0, then ¢(u, T)=e"(D"+T) e F,.
Conversely assume ¢(7) # 0. If 7,, =0, then T, # T,,, and D'+T
cannot belong to &, since it does not induce isomorphic structures to L
and E/L. If T, # 0, then everything follows as in the case of %, by
Lemmas (7.6) and (7.8).

Finally, in order to show that %, and %,, are submanifolds we start
with D" in %, or %,,. By proceeding as in the previous cases we can in
fact assume that D" = D] is Yang-Mills. Let ¢, be a coordinate chart of
2l around Dg = D" as before. Then the map g defining the strata Z
and %, is given respectively by

(T )= (2 7).
T21 T22 T21

0
q<T11 Tn)= <T11_T22 T12> .
T21 T22 T21 0

The details are along the same lines described before and are left to the
reader. This completes the proof of Theorem (7.7) and thus also the proofs
of (7.1) and (7.2). q.e.d.
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We would like to note that as an immediate consequence of our Propo-
sition (7.2) we obtain Kirwan’s formula about the Poincaré series of the
moduli spaces of stable bundles up to dimension 2g — 3 [18, (5.9) and
(5.1 1)].3 Indeed, since as we have seen in the proof of (7.2) the moduli
space .# is homotopy equivalent to 2? and the inclusion of 2 and 2 is
a homotopy equivalence up to dimension 2g — 3, we obtain the following
equality on the Poincaré series:

P(#)=P°) mod ¥’

t
— 2g—3
= P(Bg) mod ¢ .

Moreover, the fibration BU(1) — Bg — By is trivial over the rationals
[1, §§2 and 9]; hence we obtain via the formula (2.9) in [1] for P,(Bg)

1+ 0)%(1 4% -
) = ( a —)tz)((l = t4)) mod *¥7°.

We will finish by making a few remarks concerning the higher rank case.
It is very natural to ask whether (7.1), (7.2), and (7.7) generalize for higher
ranks. In this direction it is natural to conjecture the following:

I. Let .# denote the moduli space of stable bundles of rankn > 3 and
Chern class k. Let .#, denote the subspace of # consisting of bundles of
fixed determinant. Then:

(i) n(#)~H(M,Z), n(H#)=0,
(ii) 7)(A) = 7m)(My) ~LZSL,, where p=g.c.d.(n, k),

(i) m(A)=n,(My)~n,_(9), 2<i<2n—-1)(g—-1)-2.

II. The inclusion of the stable stratum 2, in A is a homotopy equiv-
alence up to dimension 2(n —1)(g — 1) — 1. In particular, n, (%) =0, if
i<2(n—1)(g—-1)-2.

IIl. The complement of A, in A can be stratified by locally closed
submanifolds of codimension at least 2(n — 1)(g — 1).

As in the rank-2 case III clearly implies II, which in turn implies L
Unfortunately, we cannot prove III except in the case n = 3. When
n > 4, although all the analytical arguments go through, there does not
seem to be a simple way of parametrizing the different strata. However,
in an upcoming joint paper with K. Uhlenbeck [4] we will use alternative

(7.10) P

3 There is a slight error in Kirwan’s formulas [18, (5.9)]. There are no t*-terms in the
expression of g(t). As very kindly explained to us by Frances Kirwan, a missing term from
the formula for p(¢) at the end of p. 259 cancels out the {*-terms in the expression for At
and B(t) on p. 263 and hence there are no ¢*-terms in the formula for q(t) [19).
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techniques to bypass this difficulty and prove I and II directly without
relying on III.
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